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What does NP-hard mean?

• Some problems can be solved very efficiently with an algorithm.   
(I.e., if the number of inputs is n, then the running time of the algorithm will 
be a polynomial in terms of n, like n2 or n10+n or whatev.)


• But there are many problems, like the Traveling Salesperson Problem 
(TSP), for which no one has ever been able to find a polynomial running-
time algorithm.   
(I.e., the running time is exponential or worse.)


• Theoretical computer scientists have found ways to prove that more 
difficult problems (like the TSP) are equivalent, in that if you could find a 
polynomial-time algorithm for one of them, you could translate it to ALL 
the other hard problems. 

• Any problem that is shown to be equivalent to a problem in NP is called 
NP-hard.


class P (for polynomial)

class NP (for non-deterministic polynomial)



What does this have to do with origami?

• The flat foldability problem:  Given a bunch of lines drawn on a piece of 
paper, can they be the crease pattern for a flat origami model?  (I.e., can 
they fold flat?)


• In 1996, Marshall Bern & Barry Hayes proved that the flat foldability 
problem in NP-hard!


• Actually, they proved two things:  
 
Theorem 1: Determining if a crease pattern is flat-foldable is NP-hard. 
Proof is elegant and very cool from an origami perspective.  
 
Theorem 2: Given a crease pattern with mountains and valleys 
specified, it’s STILL NP-hard to tell if its flat-foldable.  
Proof is whaaa? hard to understand.



How’d they prove flat-foldability is NP-hard?

• They show that solving Not-All-Equal 3-Satisfiability (which is NP-hard) 
can be reduced to flat-foldability.


• NAE 3-SAT:  Given boolean variables   
and a bunch of clause functions of three variables 
 
 
can you find values for the variables that make all the clauses true?


• Example: With variables                                  and clauses  
 
 
 
can NAE 3SAT work? 



How’d they prove flat-foldability is NP-hard?

• Goal:  Given any NAE 3-SAT problem, we want to create an origami crease 
pattern with the property that the crease pattern will fold flat if and only if 
the NAE 3-SAT problem works.


• We will use pleats in the paper to represent “wires” that can be either True 
or False. 
Each wire will be given an initial direction, and whether the pleat is MV or 
VM will determine its truth value.

True False



How’d they prove flat-foldability is NP-hard?
• Clause gadgets:  Remember how triangle twists work? 
 
 
 
 

• A normal triangle twist will admit any collection of entering wire truth 
values.  So change the angle!  
 
 
 
 
 
 
 
This mimics exactly how the                          clauses work for NAE 3-SAT.   
(I.e., it folds flat if and only if the incoming wires are not all the same truth 
value!) 



How’d they prove flat-foldability is NP-hard?

• What else do we need?


• Gadgets to deflect wires and/or change their truth value.  
 
Reflector gadget:



How’d they prove flat-foldability is NP-hard?

• What else do we need?


• To be able to handle cases where two wires intersect.  We don’t want them 
to interfere with each other!



How’d they prove flat-foldability is NP-hard?
• Putting it all together:

etc.

We start with all 
our wires on the 
left side of the paper 
going up at the 
same angle.



What about if we are given the MV assignment?

• The previous proof uses mountains and valleys to determine the truth 
values of the wires.  If the Ms and Vs are given to us at the outset, then we 
have to make wires whose truth value is not determined by Ms and Vs, but 
by the layers of the paper when folded flat.  
 
 
 
 
 
 
 
 
 
 
All that’s needed are Not-All-Equal clause gadgets and a “signal splitter” 
or reflector gadgets to work with these wires.

True False



What about if we are given the MV assignment?

• Bern & Hayes‘ gadgets for this proof are complicated!


• They require that we first produce lots of “flaps”:  
 
 
 



What about if we are given the MV assignment?

• Bern & Hayes‘ gadgets for this proof are complicated!


• They require that we first produce lots of “flaps.”


• Then we can make a clause gadget...  
 
 
 

Actually, a group of us
discovered a flaw in
Bern & Hayes’ proof.



What about if we are given the MV assignment?
• A group of us (me, Tachi, Akitaya, Cheung, Demaine, Horiyama, Ku, and 

Uehara) found this flaw in the assigned case of Bern & Hayes’ proof and proved 
a stronger result:  That this problem is still NP-Hard if we restrict ourselves to 
box pleating (all creases are either horizontal, vertical, or at 45° angles).   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What about if we are given the MV assignment?
• A group of us (me, Tachi, Akitaya, Cheung, Demaine, Horiyama, Ku, and 

Uehara) found this flaw in the assigned case of Bern & Hayes’ proof and proved 
a stronger result:  That this problem is still NP-Hard if we restrict ourselves to 
box pleating (all creases are either horizontal, vertical, or at 45° angles).   
 
 
 



3D Rigid Foldings
• Are there Maekawa or Kawasaki-like Theorems for 

a rigidly-foldable vertex?  
 
 
 
 
 
 
 
 
Note:  The folding angles need to be specified at 
each crease, not just M or V.
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3D Rigid Foldings
• Theorem:  Let R(Li) = the counterclockwise rotation 

by folding angle pi matrix about the axis given by 
unfolded line Li.  Then if the vertex rigidly folds, we 
will have  
         R(L1)R(L2)…R(Ln) = I 
 
Proof:  Follow the spider. 
The rotations it makes as  
it crawls around the vertex  
must have product equal  
to the identity matrix. 
BUT these rotations are  
not the R(Li) matrices!

(π/2, π/2)

(0, π/2)(π, π/2)

(5π/4, −π) (3π/2, π)



3D Rigid Foldings
The spider is crawling on the folded paper. 
Let Mi = the rotation the spider does as it crawls around 
crease Li.   
Then, assume the face between L1 and Ln is fixed…  
M1 = R(L1) 
M2 = R(L1) R(L2) R-1(L1) 
M3 = R(L1) R(L2) R(L3) R-1(L2) R-1(L1) 
 
and  
Mi = (              ) R(Li) (              )  
 
 
Then we’ll have M1 M2 M3 … Mn = I.

(π/2, π/2)

(0, π/2)(π, π/2)

(5π/4, −π) (3π/2, π)

redo
previous

Lis

undo
previous

Lis



3D Rigid Foldings
But if we actually compute M1 M2 M3 … Mn lots of stuff 
cancels!  It leaves us with  
                   R(L1)R(L2)…R(Ln) = I.

(π/2, π/2)

(0, π/2)(π, π/2)

(5π/4, −π) (3π/2, π)



Special degree 4 case!
Oooo!  Imagine the degree 4 rigidly-folded vertex 
projected onto a sphere. 
 
 
 
 
 
 
 
 
We get a spherical polygon with dihedral angles     .  
Divide this polygon into two spherical triangles.
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Special degree 4 case!
Then by the spherical law of cosines: 
 
 
 
 
 
 
 
 
 
 
Now, if this vertex folds flat, then
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Special degree 4 case!
Substituting and setting these equal to each other…  
 
 
 
 
 
 
 
 
 
 
 
 
            Similarly,
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Special degree 4 case!
So we have these great relationships between the folding 
angles of a degree 4 flat-foldable vertex: 
 
               so,    p1 = p3   and     p2 = – p4 

Next, what can the matrix product tell us?  
                             R(L1)R(L2)R(L3)R(L4) = I 
 
 
 
 
So, 

↵

⇡ � ↵

⇡ � �

�

p0

p1

p2

p3

Here p0 = p2    
and  p1 = – p3 



Special degree 4 case!
Another example of an rigid fold modeled by matrix 
transformations:

HCSSiM 2008 student 
Ben Kraft’s

square twist animation 
via matrix algebra



Classic (traditional) Origami



Origami today

Robert Lang’s Black Forrest Cuckoo Clock, 1987



OUSA Convention 2007

Robert Lang’s Sea Otter



OUSA Convention 2007

Hojyo Takashi



OUSA Convention 2007

Satoshi Kamiya



OrigamiUSA Convention 2011

Praying Mantis, Brian Chan, 2011



OrigamiUSA Convention 2011

Praying Mantis, Brian Chan, 2011



Satoshi Kamiya’s Ryu-Zin



OUSA Convention 2007

Joseph Wu



Appendages in origami are like umbrellas

each appendage in the model will 
require a circle of paper



Example: the crane

Thus origami design is related to circle packing.!

Credits: Robert Lang, Jun Maekawa, !
Toshiyuki Meguro, Fumiaki Kawahata

head

tailwing

wing



Example: how to fold a sea urchin!!



Example: how to fold a sea urchin!!

Start with a grid of right triangles and rabbit ear!



Jun Maekawa’s Demon (1983)



Jun Maekawa’s Demon (1983)



Jun Maekawa’s Demon (1983)
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Satoshi Kamiya’s Wasp (2001)



Satoshi Kamiya’s Wasp (2001)



Satoshi Kamiya’s Wasp (2001)



Satoshi Kamiya’s Wasp (2001)
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Origami Tessellations

square twist tessellation 
(Fujimoto, 1970s)



Origami Tessellations

3.6.3.6 tessellation 
(Hull, 1993)

3.4.6.4 tessellation 
(Hull, 1993)



Modular Origami

Five Intersecting Tetrahedra 
(Hull, Ow, 1996) 120-unit Buckyball!

(Hull, 1994)



Modular Origami

810-unit Buckyball (1994)



Modular Origami

180-unit Spiked Rhombic Enneacontahedron (2004)



Modular Origami

Spiked Rhomicuboctahedron!
 made from Hybrid Units (48 units, 2008)



Modular Origami

Spiked Icosadodecahedron (60 Hybrid Units, 2008)



Modular Origami

Spiked Rhombicosadodecahedron !
(120 Hybrid Units, 2008)



Wet-folded from one 2-foot diameter octagon.

Hyperbolic Cube (2006)



Corrugation Folds

Hexagonal Wrap (Hull, 2005)



Applications
Miura’s Map Fold



Applications
Miura’s Map Fold



Applications
Miura’s Map Fold



Applications
Lawrence Livermore National Lab 
was thinking of making “better 
Hubble”



Applications
Lawrence Livermore National Lab 
was thinking of making “better 
Hubble”!

To get it into space, it needs to 
“fold up” somehow.



Applications
Lawrence Livermore National Lab 
was thinking of making “better 
Hubble”!

To get it into space, it needs to 
“fold up” somehow.!

That’s when they called Robert 
Lang.



Applications
The Fold and Cut Problem



Applications
The Fold and Cut Problem

Demaine, Demaine, and Lubiw, 1999



Applications

Airbag Folding: EASi Engineering, Germany



Applications

Airbag Folding: EASi Engineering, Germany



Applications
An origami “stent” used to open 
up clogging arteries.

2003 Summer Bioengineering Conference, June 25-29, Sonesta Beach Resort in Key Biscayne, Florida

using stainless steel, shape memory alloys and polymers for stents and

related technique to produce folds, e.g. chemical etching, controlled

laser cutting and stamping. Two types of metal stents have been

produced. Associated expending mechanisms have been designed. A

complete structural analysis of the expansion process has been

conducted. We hope to complete engineering work and start pre-

clinical study shortly.

Figure 1. Buckling pattern of a thin-walled tube under torsion.

         (a) (b)

Figure 2. One of the folding patterns with helical folds for tubular

stents. (a) It is fully expanded and (b) completely folded.

CONCLUSION
The paper presents a novel type of stents developed for use in

gastrointestinal tract. It can be conveniently applied to other large

organs as biliary stents, urinary tract stents or stent grafts for aorta.

The concept is a generic one allowing its use on other sites of the

human body with necessary modification. The full potential of such

stents is still to be explored.
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Wallstent Endoprosthesis Resistant to Distal Migration,” AJR,
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Esophageal Cancer Stenosis, Endoscopy,” 22(3), 134-6,
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Meshed Metal Stents for Palliation of Malignant Esophagogastric
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4. Guitron A. et. al., 1998, “Self-expanding Metal Prosthesis as

Palliative Treatment in Esophageal Cancer,” Rev Gastroenterol
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6. Katherine, S. et. al., 1998, “Self-expanding Metal Oesophageal

Endoprostheses Covered and Uncovered: a Review of 30 Cases,”
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7. Kozarek R A, Ball T J, Brandabur, J J et al, 1996, “Expandable

versus conventional esophageal prostheses: easier insertion may

not prelude stent related problems,” Gastrointest Endosc, 43, 204-

208

8. Kuribayashi K. and You Z., 2002, Deployable stents, Patent:

WO-02/078572

9. Kynim K, Wagner H J et al. 1993, “A controlled trial of an

expandable metal stent for palliation of esophageal obstruction

due to inoperable cancer,” N Engl J Med, 329, 1302-1307
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Applications
Origami solutions to “Programmable Matter” : 
Harvard Microrobotics Lab



Applications
The NSF and Air Force seem to care...



Applications
The NSF and Air Force seem to care...



NSF EFRI-1240441:  Mechanical Meta-Materials from  
Self-Folding Polymer Sheets 
PI: Chris Santangelo (UMass Amherst)  
co-PIs: Itai Cohen (Cornell), Ryan Hayward (UMass 
Amherst), and Tom Hull (me).

EFRI ODISSEI: Mechanical Meta-Materials from Self-Folding Polymer Sheets

1. Vision and Goals

Origami is a powerful means of creating three-dimensional forms from a flat sheet. Indeed, many biolog-

ical tissues develop folds and structures reminiscent of origami that endow them with distinct and useful

mechanical properties [1–4]. Recently, origami has flourished as an art form due, in part, to new devel-

opments in mathematics that allow the design of complex shapes from a single sheet of paper [5–9]. The

seemingly limitless number of forms speaks to the potential of exploiting origami design principles in en-

gineering to fabricate three-dimensional structures from flat sheets. We propose to extend origami design

ideas beyond simply creating three-dimensional forms. Drawing inspiration from meta-materials, in which

the microstructures of composites are precisely engineered to yield non-classical optical [10, 11] or acoustic

responses [12, 13], we propose to design “mechanical meta-materials” whose microstructures are designed

to endow the bulk material with specific mechanical responses to applied stresses. Such strategies have

the potential to fundamentally transform the way that we design materials, and would find applications in

areas ranging from microfluidics to soft robotics [14, 15] to mechanical sensors to biomimetic “active” tissues

[16–18].

Recent work by our group has led to several experimental systems that enable the reproducible program-

ming of folds in thin polymer gel sheets, including halftone gel lithography which, for the first time, enables

incorporation of arbitrary patterns of Gaussian curvature into folds [19]. In this last method, highly cross

linked dots are embedded in a matrix of lower cross link density. The area density of dots determines

the local degree of swelling and, subsequently, precise control over the buckled shape can be achieved. Fig.

1(bottom-right) shows some examples of the types of buckled structures that can be produced in this manner.

These experimental platforms open the door to creating elastic sheets that fold themselves into structures

Design and characterization 
of folded sheets

Fold patterns with 
engineered mechanics 

Transitions between
 folded structures

Non-Euclidean origami

Mechanical Meta-Materials

Silverberg

Miura

Materials chemistry

Theory

CharacterizationArtistic design

Mathematics

FIG. 1: Goals



What are we doing with all this?

Self-folding polymer gels 
Photo-lithographic patterning of self-folding gel origami: 

 
Schematic side-view of a mountain fold:

Ryan Hayward, Chris Santangelo, UMass 
Itai Cohen, Cornell

Rigid plastic layer

(similar to polystyrene)


thickness: 70 nm

Temperature-responsive 
soft hydrogel layer

thickness: ~ 1 um


(100x thinner than paper)



What are we doing with all this?

Self-folding polymer gels 

q

R
q ≈ W/R

Ryan Hayward, Chris Santangelo, UMass 
Itai Cohen, Cornell



Focused on mountain 

Focused on valley  

Before release  

Miura-Ori pattern 



Deswelling and reswelling



Deswelling and reswelling



Self-folding Miura-ori
Ryan Hayward, Chris Santangelo, UMass 

Itai Cohen, Cornell



Can make (complex and tiny) origami with 
simultaneous folds 

Randlett, “New Flapping Bird”



Can make (complex and tiny) origami with 
simultaneous folds 

Randlett, “New Flapping Bird”



Mountain crease

Valley crease

A

B

C

C
B

A

Origami Octahedron-Tetrahedron Truss!
(D. Huffman, T. Kawasaki, R. Resch, etc)



Origami Oct-Tet Truss Self-folded in Ryan’s Lab!
(by postdoc Junhee Na)



Origami Oct-Tet Truss Self-folded in Ryan’s Lab!
(by postdoc Junhee Na)



Origami Oct-Tet Truss Self-folded in Ryan’s Lab!
movie of deswelling (Junhee Na)



Origami Oct-Tet Truss Self-folded in Ryan’s Lab!
confocal fluorescence microscopy image (Junhee Na)



Thank you!
For more information:!
My book, Project Origami, 2nd ed.!

My web page:!
http://mars.wne.edu/~thull!

or just email me:  !
thull@wne.edu!

  


